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1 VECTOR SPACES

1 Vector Spaces

1A FEzxercises

Problem 1A.1. Show that a + 8 = 3+ « for all a, 8 in C

Proof. Let « = a+ bi and = ¢+ di for a,b,c,d € R. We have

a+ 8= (a+bi)+ (c+ di)
=(a+c)+ (b+d)i
= (c+a)+ (d+b)i
= (c+di) + (a + bi)

=0+«

Problem 1A.2. Show that (a+ ) +v=a+ (B+7) for all a, B, € C.

Proof. Let a = a1 + ast, B = by + boi, and v = ¢ + cot for all ag, by, ¢ € R
where k € {1,2}. We have

(a4 B) +

[(al + agi) + (b + bg@)} + (¢1 + co0)
[(Ch +b1) + (ag + by)i ] + (c1 + c20)
[(a1 4 b1) + 1] + [(ag + ba) + ¢
= a1 + (b + e1)] + [ag + (b2 + )]
= (a1 + agi) + [(51 +c1) + (by + ca)i }
= (a1 + asi) + [(b1 + bai) + (c1 + 21)]
=a+(8+7)
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Problem 1A.3. Show that (a8)y = a(fBy) for all o, 5,y € C.

Proof. Let a = a1 + ast, B = by + boi, and v = ¢ + cot for all ag, by, ¢ € R
where k € {1,2}. We have

(Oéﬂ)’}/ = [(al + CLQi) (bl -+ bQZ)] (Cl + Cg’i)

(a1b1 — a/2b2 (a1b2 + a2b1>’i] (Cl + Cgi)

(a1b1 — a/2b2 Cl (a1b2 —+ CLle)CQ} -+ [(albl — a2b2)c2 -+ (a1b2 + a2bl)c1} )

a1b101 — CLngCl — aleCg — agblcg) (a16102 — angCQ + Clegcl + Glecl)
[ a1b162 + albgcl) (agblcl — CLngCQ)}?:

)] +

[al (byca + bacy) + ag(bicy — bQCQ)]
a1 + asi) [(bicy — baca) + (bacy + bica)i]

a1 + asi) [(by + bai) (1 + c2i)]

a(Bv)

[
[
= (
[(a1b1c1 — arbacy) — (azbics + azbacy)
[a (bicy — bacy) — ag(byco + bacy) ]

= (

(

Problem 1A.4. Show that yv(a + ) = va+f for all v,a, 5 € C.

Proof. Let a = ay + agi, 8 = by + bai, and v = ¢1 + ¢t for all ag, by, cx € R
where k € {1,2}. We have

’7(0& -+ ﬁ) = (Cl + CQi) [(al + CLQ’i) -+ (bl + ng)]
0

Problem 1A.5. Show that for every a € C, there exists a unique 5 € C
such that o + 6 = 0.

Proof.
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O

Problem 1A.6. Show that for every a € C with a # 0, there exists a unique
B € C such that af = 1.

Proof.

O

Problem 1A.7. Show that
—1+/3i
2

is a cube oot of 1 (meaning that its cube equals 1).
Proof.

]
Problem 1A.8. Find two distinct square roots of 1.
Proof.

]

Problem 1A.9. Find x € R* such that

(4,-3,1,7) + 2z = (5,9, —6, 8)
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Proof.
O
Problem 1A.10. Ezplain why there does not exist X € C such that
A(2,—-3i,5+ 44, —6 + 7i) = (12 — 53, 7 + 22i, —32 — %)
Proof.
O

1B FExercises

1C Exercises

2 Finite-Dimensional Vector Spaces

2A FEzxercises

2B FExercises

2C FEzxercises

3 Linear Maps

3A FEzxzercises
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4 POLYNOMIALS

3B Ezxercises
3C Ezxercises
3D Ezxercises
3E FEzxercises
3F Ezxercises
4 Polynomials
4A Ezxercises
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